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UNIT- IV 

DISTRTBUTI ON 0F FUNCTTONS 

OF 

RANOOM VARTABLES 

















































































































UNIT- V 

LIMITTIG 

TSTRIBUTT ONS 



Unit 
imitttng disttbuli orn 

ek 1he dtsdrbutior funcion f,y) 
depend upon n 

If F) is o distouibution uncion 
the tandom vtiable Yn 

n=I23, 

pofnt and i lim Fnyp= fp eveety 

which FYp i contfnuos FUD 
then tPhe 

andom vtíable Y172, 

distnibution o a 1andom 
Sequence 

COov1qes

vaiiable with distribution uncton F 

The following example ate iUustative 

in dtstti bution 
othu 

o this COnvetqes 

Example 
Let Yn denote the nth onden gkntistic 

tandom sample.Xi,Xa.n, Kn:om a 

distrtbuion having P.df 

f) Ye 
else uohetHe 

The pdf o Yn is 

029 209 
ekewhee

and the distntbuti on functiorn o Yn is 

Fnty)0,48 
-1+ 

y)=%dy 

-( 0 40 
Fny)- 0y 4 



Then im Fny)o 
h- 

Aim Fny) =1 

o Fy)= 
F(y)= O4y 20 s a distril unekon 

mone Ove? 

lto Fn (y)= Fy) at each point n- 

Continuity o Fy 
A. distitbuti on o the disnete type 

which hos a prlobabikby, o Iatlest a 

Single poin hasbeen called a. degenerale ol1stttbution. 
Thus in this example, the seauence oR the n onden stotistics Yn n=l2, onvetqes in dlsEnibutton. o a Aandotr

vantable that has a degenenate drstnibution at the poin y=® 
Exam ple 'a 

e n' have #he diskribution functiom-nw/ fn R) 
TT 

Tthe change Valable V=Vu w is 
mode we hare 

Fol) 
VATT 

IF iS clean that 
lirn Fn)=0 20 



e 

TT 
pu V= 2 V= V2T 

vdv 2 dt vdv=dE 

Edv=db 
dvd 

2 
V= Vn 

-t d 
NATT 

n 

d e 

2 

d 2 VTT 

VT ) 

T 

m 
n- 

F () = 0 =1 

Now he unchfon 
F (T)=0 o 

Xois a dstributhion = 

unchton and tm Fr *)= F () at e vey 
n-0 



Pofnt o continuify o FC 

ltm Fo (0)# F(0) 
n- 

To be swie 

bul F) s nof continu ous at =o 

Acc onding tRe sequence 1. . . 
Cohvetges in disfaibutt on fo a1andom 

Vaotta ble at has a deqeneate distribriton 
at =o 

Example :3 
Fven f a seqnence 

Convetqes in disknibufion Fo a TV Xwe 

?n geneTal detennmíne the distxibution 

Limt Rthe pd 

Convetq es 

Canno9E

OXby kaking the 

Xn This is rllusrated by akingxn 
have the pdf 

Sn Cx)= X = å+ n 
O othetuoise

clealy tm Fn (x)=o V values n-0 

This may uggesthat 
n,n=1,2,3,

d oes not converqes Is distni bulton 

funcHon o 
Howeve he disfttbufton

Xn 
SCx)=0, XLd+ n 

ano 
= 

i fn (x) = o 
, xe2 

Since FCx)=o ,XLJ 



tadisti buffon uncfton and Sin ce 

im Fn(x) = F (x) ad all potnk af condinuity 

oRfx), the Sequehce X ,, . Converqeß 

in dissal button to a T.v wlth distibution ft 

i Fn (x) = F(«) at al polnk ofz 

foM ohich F (x) is conttnuous o that 

Menson cwe nRtet find convex eient to 

Hefet to fCx) o the limitttng disttibudion

Fxample 4 
Let Yn denote the nh onden sEatHstic Yn 

oR a Standom sample otn he unijoxm 

drskti button o Fx:I 

e Zn = nce- Yn) The pdf o Zn 

hn Cz)= (- 
r 

elsewhole and the 

dltstnibuon uncton, Zn is GtCz)-0, xLo 

( dw 

- -() 
= no 

Hence lim G1n Cz)=0, x£ o 
= I- e 0LL 

G1 Cz)=0 

distntbutton unckion that is evetywhete 



Contthuous and lim Gtn Cz)= 64 (z) ak all 

potnts 
Jhus n hs a 

colth distaibulfon 
imitting distoubution 

unctton G(z) This 

amitting 
disltbutr on hat is nol deqeniate 

affond.s an example 

Exam ple !5 
Th have a diskoibukion with et 

n degtee o eedom hl2, . Thus ik 

dislt bution unction ts 

Fn Ct)= Cnt1)) 
J 

oe ) "d 
whete he integan is the Pd.f fo (y) o Accotding Tn 

Jio F tt)= im ny) dy = Lim Fr (y d n- h- 

The change o he OHde he 
is justiRted becaupe LIm and totegtation 

1fn(y)I ts detetmined by aundfon kke 
1o , y) wih a {inite teg1al that is 

y 104, (y) and 

104,ty) dy =- TCt an FeoY 
TT 

tea 

Hence hote we can nd Ae imthingdistrtbutton by f'nding the tt the 



pdf Tn 

lim lim foy)= 
n- n-o 

lim (14 n- n- 

the fac elementaty calculus Using tom 

that Li 14 )=e 

imi ssoc tted wt the 3 The 

acdon s cleaotly the pdf the 

Skanda1d normal diskibution 

The secon d iit obviously eauak 
) T we Kno mone about the gamma 
Is esy fo shoo t6at the sE 

limi also eual 

Thus cwe have 
2 

im Fn (t) = 

Tr dy nd hence Tn 

tnnting standand homal 

dist r button. 

A seauence TV XX%, A Converqes is 

V X. I for evety Eo probabikty 
Jtm Pr (tXp-x| f e) =I 91 equivalentlyn 

Pr (IXn -X |2 E) = 0skattsficla ns 

ne usually nterested tn this conerqence 

when the VX has a degenenate distriution when 



F that constant. Hence we concentAate 

on that situation 

0 Size n from a, distnibufio at har 

mean M and positive vatian ce Then 

the mean and valance. oKn are and 

+her Conside o evetyixed e vo tAer 

potobabiliy Pr CInHlze)= Pr (IKn -elz K 
whee K= n accondance with i les 
han or enal to ,n So 5oA eery 

ed e>o, we have 

lim Pr (IXn -Mlz e) < lim ne 
n o 

Hence Xn n YA;, Converges n 

Dotobabriky to i Rnite This 

tesul ealled weak lauð o ltge numbet. 

Remaotk 
A skriornge ype, Converqes is qiven 

by Pr Ciro Yn=c) = in thls Cnse wé say 

thad Yn h =,27. . Conergen ce o'c withA 

pobab?lky i. 

Althugh we do not consider tRis type 
oRConvergen ce is knooh that me an n 

n =l,2, . . 0 a andom ample Comverges 
witR pstobnbiRty to he mean N othe the 
ds ttbutfon provi ded hat the lattet exiet 

with 

enist 

thia s ohe om c the Atrsng laus 
La ge numbet. 



Thm 
Jet Fa) denote the dtsta?buttom r.v Yn 

whose disttibutfon depends upsn the posifie 

fnteges net c den ote a constant which 

does not depend upen . The seapence Yn, 

ohe constant c nel2. Conerqes probabiety 

+Re tmittinq oltskribulfon Yn 
degenerate at Y=e 

P Ftist nssume that #he 

Pr (IYn- cl 2 e) =t o eveye >o 

ptOve #hat the rV Yn uch that 
Owte 

lem Fn CY)=0 Yc 
n 0 

Yc 

Note that we do not need to knoo 

anything about Fn C c) 

Foi the tm af Fn (y) i 0s 

Then Yn hs a lemttttng distrtbuton with 
indicated 

drsbrtbution uncton 
Fn Cy)= 4c 

Nov PrCIY- cl< e) FnCCcte)-] - FnCc-e) 
whene Fn Cc+e)-] s the legt-hand umit 

oFn ) at = Cte 

Thus we hare I= = m Pr C1Yn-cl4e) Thus 

-Lit Fn lc+ E)-J- Um Fncc-- 

Because 0 Fnly)41 V values o Y and o 
evety pasive fnteg es n, It mus be tha 



t Fn CC-8) =0, lorn Fn [CC+E)-J = 
n 

Since tRis Is ue oot eety e >o we 

have im Fn Cy) = 0 Y<e 

= IYc e ate fo 

pove that 
Jem Pr (IYn- cl 2 E) = ) V E>o 
h-0 

- Fnlc-) Because Pr (IYn-cl<e) = Fn LCc+E)-T -. 
and because t fs ven that 

Jtm Fn [e+e)-J = I 
h-00 

lim Fn Cc-E) = 0 V E>o 

We have thedesined esulE 
The cotmplete the p6o. 

Thm: 
et the VYn have the dishibehon dunchn 

Fn (Y) and the mgf MC n) tRete existor 
-n<t-n vn. T here exist a dishtbutton 
uncton Fly) wftA c0tespondtng 

funchon MCt) cdehined o 
momenE 

genetatng 

Eln,4n such that tm MCE:n) = MCE) 
thene Yn hos o imttttna ol tshibutfon with 
dtstibuton unctron Fly) 

PD 

Je eRe to a emtt he fot m 

Jmt- 
n-o. 

1 Cn 
whete b and c do no 

de pend upon h and ushete m X (n)= o 



Then Cn Cn 

in 14 b t -m +b] im n 
h00 

e 

Foot example 

Aim 1Am 
n h 3/ n- 

n-o 

Hete b= -i C and X (o) = n A/ 
Accondtng'u, o every xed value E 

he ltmt Ise 

Example 
Le Xn be xn). Ten the m 5 

Zns (-at) Y The mean and 

votian ce o Xn ateespecH velyn and n. 

The imiting distributfon oR the 
Y.V Yo - óm-*» (zo -n)/Van ofll he iovegtiated. 

Alo the mgf Yn is 
MCEn)= F exp[ ( 

-Oan zn/n (e 

-exp[-()(%)]| 
2n 

be witten fn he onm 

MCtn) = (e e 
Tn accordance uoith laylots formula 

a numbe &n) betoeen o hete evtsf 

and n uch that 



Etn) 
V t Yh) e 

6-(P 
Bts sum s substrtate d one en 
he exptesston 5o MCtn) i last 

Seen that 

MCn) = (i- A(02) 

whete n) = V2 eEn ati%¬n) & Cn) 

3yn 3n 
Stnce Etn)- o Os n-0. Then lim n)= 0 

oeve ed value at. 
Ln aceor dan ce Otth the mi+ paopositian 

Ctted earlle in this sectton we have 
Mtn) = e 

Fot all eal value t,+hat is 

V Yn = (Zn-n) V2n hos a Aimitttng 
standw1d nenal distributfon. 
The central umi thm 

T X,X2,. Xn 
Handotn sample oom a normal 

disibufion uofth mean and vaN fane 
2 the .V 

Xn-E2 s c evety 
pos?4venteges n normally disthtbuted 
cwrth Dotthzeto mean and unit variance . In 

theot theony thete ts a veny eleganF prebabtlkky 



theonem called the centaal lemek theo em 

Thm et xKa.. , Xn denote the obseovarH6ns 

aß aandom sample fnorn a destrrtbudforn 

that has mcan and positHve vatinne 

Then the V Yn = 

hs a umitfng distoibuton that 
notmal wth mean zeto and vaolane. notmal and 

Ne asume the existapce o the m 
M() = F (etx)-h ct zh oß the distlbutton 

the Howevej this pMon Oesenttaly the 

Same one hat cwould be qven o this 

theorem Pn mole ndvanced coure by 
teplacng the mgf by the charactenistic 

uncian ot) = F (e 

Thefun ction M) = FTet X-R) 
-HE 

= e MCt) also enist 

-h£ n 

Stn ce M1C#) 6 the m.gd X 

i must Rollew tthat Mlo) = 1, Mo)= E-u)=o 

nnd m'co) = Elx-H)= 0 

By Tadons oarnula thele eníst a numbey 

betoeen 0 and uch uth that 

M4)= MCo)+M to)+ M1 (e)+ 
2 

2 

M Ce)t 



T t6 ndded and ublracted 

then MH)= 1+ [M'ce) -aJ+2 

lext Congide MG:n) 

whene MU n) = F[exp(+ 

Fexp (t )- exp (+ .. 

exp(t n ) 7 

Fexp( )Fep(tn 

F(exp (t X 
= [M(a)] -n n 

In egn O Heplace by oobtan 

M'cE)-oJ+2 M( ) 1+ 
na-2 

whete E ls betoeen o and 
NoW and t 

uwth -hovn t <noYn 

Acconding 
YL 

MCtn ) = MCe) -J+ 
n 

no 
Since ME i6 Continuous at Eo and and 

Since e o n we have 

m M"Ce)-o2, 
n0 



The imit Ptoposffon cited to shouw Show WaE 

dtm M (t n) = e V teal acrhes v 

Th ls ptoves +hat the andom vat 
iable 

= Vn (Xn -M) has a lemithng Yn 
standnd noatma dtstlbuton . 


